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Abstract
It is demonstrated that a pair can be characterized under which mechanism it was created according to its
conversion energy, a quantity defined as the sum of electron and its conjugate positron’s mass-energy, in the
study of electron-positron pair creation. The value of this quantity is checked with quantum field theoretical
simulations for several field configurations and found that it can describe the creation process with rich
physical picture, showing all the creation channels and giving the yields of each channel specifically. Evenly
as a very convenient and powerful detection quantity it can be applicable to some complicated pair creation
processes such as that triggered by cooperation of two different photons as well as the dynamically assisted
Schwinger mechanism.
PACS numbers: 12.20.Ds, 03.65.Pm, 02.60.-x
∗ Corresponding author. Email address: bsxie@bnu.edu.cn
1
I. INTRODUCTION
In quantum electrodynamics (QED), it was predicted that an external energy associated with a
strong field can be convert into matter in the form of electron-positron pairs. Schwinger calculated
the rate of pair creation in the constant electric field using a non-perturbative approach [1] after
the earlier works of Sauter [2], Heisenberg and Euler [3]. Although the threshold of field strength
is too high to reach up now, it is possible to detect the fascinating phenomena of light to directly
convert into matter in the near future with the rapid development of laser technology, for exam-
ple, the European extreme-light-infrastructure (ELI) program is now advancing [4], therefore, the
active theoretical study on electron-positron pair creation is important to support the upcoming
experiment.
The Dirac equation for a field-free electron has the positive solutions with energy continuum
Ep ≥ mec2 as well as the negative solutions with energy continuum En ≤ −mec2, we call them
positive states and negative states respectively. The QED considers the vacuum in such a condition
that all the positive states are empty and all the negative states are occupied. In the presence of
external field there are mainly two different mechanisms under which the electron in negative
energy continuum can get enough energy from external field to jump into the positive energy
continuum and leave behind a ”hole” which is also called a positron. The first one is the tunneling
effect [1], it requires the external field to be the order of Ec = 1.32 × 1018V/m and the second
mechanism is photon absorbtion [5–7] where the time dependence of external field can induce
quantum transitions and the photon energy play a key role.
In past decades many theoretical methods have been employed to study the electron-positron
pair creation, such as proper time method [8–10], WKB approximation [11] and worldline in-
stanton techniques [12, 13]. The pair creation processes have been investigated via quantum field
theoretical simulations [14, 15] in the spatial and temporal inhomogeneous external field [16–22]
as well as via quantum kinetic method [26, 27] in the spatial homogenous and time depending
external field [28–31] in recent years.
To understand the underlaying physical picture of pair creation processes is one main purpose
of studies in this field. Although the pair creation mechanism was studied by many analytical
and numerical approaches, however, there have been lack of a unified method to decide under
which mechanism the yields generated, especially when the field configuration is so complicated
that any of the mechanisms already predicted could be responsible. Motivated by this, we try to
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suggest a simple and unified method to reveal clearly the pair creation process by focusing on what
mechanism dominates and how the pair creation channels are identified.
In this paper we introduce first the conversion energy defined as the sum of mass-energy of
electron and its conjugate positron. And then we demonstrate that it is directly associated with the
creation mechanism of this pair. To test the feasibility of conversion energy we study the spectrum
of conversion energy of created pairs for electron-positron pair creation process in a static and
oscillating field via quantum field theoretical simulation. We also simulate the conversion energy
for pair creation in a bifrequent and a combined field, to detect the process of cooperation of two
different photons as well as dynamically assisted Schwinger mechanism predicted by studies [25]
and [23, 24] respectively.
The paper is organized as follows. In Sec.II we introduce the conversion energy term and its
spectrum after a brief review of the computational framework. In Sec.III we give the numerical
results and analysis. In the last section we provide the conclusion.
II. THEORETICAL METHOD
A. The quantum field theoretical simulations
The electron and positron are described by Dirac field operator that satisfies the time-dependent
Dirac equation, reads as below in one dimensional space (atomic unit is used in this paper),
i∂ ˆφ(z, t)/∂t = [cσ1 pˆz + σ3c2 + V(z, t)] ˆφ(z, t). (1)
If we focus on a single spin, the usual four-component spinor wave function can be reduced to
only two components and Dirac matrices reduce to the usual Pauli matrices σ. The external force
is represented by the scalar potential V(z, t) that varies only in the z direction, for simplicity we
redefine pz = p.
The time-evolved Dirac operator may be expanded using time-independent or time-evolved
energy eigenfunctions of the field-free Dirac equation as follows:
ˆφ(z, t) =
∑
p
ˆbp(t)Wp(z) +
∑
n
ˆd†n(t)Wn(z)
=
∑
p
ˆbp(t = 0)Wp(z, t) +
∑
n
ˆd†n(t = 0)Wn(z, t), (2)
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where Wp(z) and Wn(z) represent the field-free energy eigenstates |p〉 and |n〉 in the spatial repre-
sentation at t = 0, Wp(z, t) and Wn(z, t) satisfy the single-particle time-dependent Dirac equation
Eq.(1). From Eq.(2) we obtain
ˆbp(t) =
∑
p′
ˆbp′(t = 0)〈p|U(t)|p′〉 +
∑
n′
ˆd†
n′(t = 0)〈p|U(t)|n′〉, (3)
ˆd†n(t) =
∑
p′
ˆbp′(t = 0)〈n|U(t)|p′〉 +
∑
n′
ˆd†
n′(t = 0)〈n|U(t)|n′〉, (4)
where the coefficients are the elements of the time-ordered propagator U(t) = exp[−i
∫ t dt′[cσ1 p+
σ3c
2 + V(z, t′)]] between energy eigenstates.
The created electrons’ spatial density can be obtained from the expectation value of the product
of the electronic filed operators,
ρ(z, t) = 〈〈vac|| ˆφ†e(z, t) ˆφe(z, t)||vac〉〉 (5)
where ˆφe(z, t) = ∑p bp(t)Wp(z) is the electronic portion of the field operator. Using the commutator
relations [ˆbp, ˆb†p′]+ = δp,p′ and [ ˆdn, ˆd†n′]+ = δn,n′ the density can be expressed through the field-free
energy eigenstates of the single-particle Hamiltonian as
ρ(z, t) =
∑
n
|
∑
p
Up,n(t)Wp(z)|2, (6)
where Up,n = 〈p|n(t)〉 = 〈p|U(t)|n〉 can be computed by using the split operator numerical tech-
nique [14? ]. By integrating Eq.(6) over space, we obtain the total number of the created pairs
as
N(t) =
∫
dzρ(z, t) =
∑
p,n
|Up,n(t)|2. (7)
B. The conversion energy and its spectrum
The energy of a created pair can be expected to be equal to the energy it has absorbed from
external field during its creation process of light to convert into matter. Note that it should be a
physical process which include the possible inverse process of the matter to convert into energy
as long as the energy conservation holds. We take the sum of mass-energy of the electron and its
conjugate positron and define it as the conversion energy,
Ep,n =
√
p2c2 + c4 +
√
n2c2 + c4, (8)
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where p and n is momentum of the electron and its conjugate positron respectively. Equivalently,
one can regard the conversion energy as follows, the electron in the negative state with energy
En = −
√
n2c2 + c4 jump into positive state with energy Ep =
√
p2c2 + c4, absorbing energy Ep,n =
Ep − En from external field.
The potential height and photon energy are the characteristic value of energy conversion from
light to matter for each pair created by tunneling effect and photon absorbtion respectively, so the
conversion energy of a pair is directly associated with its creation mechanism once the strength
and oscillating frequency of external field is already known.
The expectation number of a pair of electron with momentum p and positron with momentum
n created at time t is |Up,n(t)|2, which is given above. We calculate the conversion energy Ep,n and
corresponding yields |Up,n(t)|2 for all created pairs and represent them in the form of distribution
of pair numbers as a function of the conversion energy, ρ(E, t),
ρ(E, t) =
∑E+∆E/2
E−∆E/2 |Up,n(t)|2
∆E
, (9)
where
∑E+∆E/2
E−∆E/2 denotes summation for all p and n satisfy E − ∆E/2 ≤ Ep,n ≤ E + ∆E/2 and ∆E
should be chosen properly, too large or too small ∆E causes ρ(E, t) nonsensitive or nonlinear. We
call ρ(E, t) the conversion energy spectrum (CES).
III. NUMERICAL RESULT
We simulate pair-creation processes for different field configurations in symmetric potential
well and investigate how the CES can reveal the creation mechanism for all pairs specifically.
A symmetric potential well is illustrated as V(z, t) = V(t)S (z) for external field in our simula-
tions, where V(t) is potential height and S (z) = {tanh[(z − D/2)/W] − tanh[(z + D/2)/W]}/2 is the
Sauter-type potential well, W is a measure for the width of each edge, D is the total extension of
the potential well.
For all simulations in this paper, we take W = 0.3/c, D = 8/c, the length of simulation space
L = 2.5 with Nz = 4096 grid points, total simulation time t0 = 40pi/c2 with Nt = 4000 grid
points. For the calculation of CES, Eq.(9), we take NE = 1000 grid points in abscissa E and take
∆E = 0.04c2 to get more sensitive and smooth curves.
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A. Pair creation in a static electric field
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FIG. 1: CES of the final yields in the static field with potential height V = 2.5c2. In the inset it is CES
shortly after turning on electric field.
In FIG.1 we display CES of final yields for static field with potential height V = 2.5c2, where
tunneling effect [1] is responsible for the creation process. There are a peak corresponding to
potential height and most of the pairs are within it. The position of peak is 2.46c2 with the agree-
ment of 1.6% with potential height, average conversion energy of total yields is 2.58c2 with the
agreement of 3.2% with the potential height. We repeat this simulation for the static fields with
potential heights V = 3c2, 3.5c2 and get graphics very similar to FIG.1 except the peak positions
of 2.94c2, 3.44c2 respectively. As we mentioned, the potential height is characteristic value of the
energy conversion from light to matter, it agrees with the physical picture of tunneling effect very
well, the electron in the negative energy continuum travels through the edge of potential well to
join to the positive energy continuum, absorbing energy in the amount of potential height from
external field. The conversion energy of a pair created under tunneling process by the static field
with potential height V can be expressed as
E(V) = V. (10)
The distribution is a bit higher unexpectedly in the left side of the peak, within the area from
2.18c2 to 2.38c2, it represents that there are some pairs still inside the interaction zone and have
lower conversion energy. There are also small amount of distributions out of the peak, these pairs
are created in the beginning due to dramatic turning on the external field as we discuss below.
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In the inset of FIG.1 we display CES of created pairs shortly after (when t = 0.01t0) turn on the
external field. It is very different from the main figure, most of these pairs have too large or too
small conversion energy to be created by the tunneling process, indicating there is other creation
mechanism. We attribute it to high frequency Fourier components of the external field due to
dramatic turning on.
B. Pair creation in a oscillating electric field
Now we study the pair creation processes for time-depending subcritical electric field, where
the photon absorbtion [5–7] can be responsible for the pair creation. The photon energy play
a key role and transition amplitude of each order of photon absorbtion can be estimated by the
perturbation theory as the appendix of [21]. We investigate whether the CES can represent all
creation channels triggered by different order of photon absorbtion.
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FIG. 2: CES of final yields in the oscillating field with amplitude V1 = 1.47c2 and frequency ω1 = 1.3c2.
In FIG.2 we display CES of final yields for the oscillating field with amplitude V1 = 1.47c2 and
frequency ω1 = 1.3c2 where the potential height oscillates as V(t) = V1 sin(ω1t). Almost all pairs
are distributed within four narrow peaks, the positions of them are E2 = 2.61c2, E3 = 3.90c2, E4 =
5.21c2 and E5 = 6.50c2, respectively. These peaks represent the two, three, four and five-photon
processes. The conversion energy of a pair created under photon absorbtion by the oscillating field
with frequency ω1 can be expressed as
E(ω1) = nω1 (11)
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where n is the number of absorbed photons and satisfies E(ω1) ≥ 2c2.
The corresponding yields are 60.9%, 29.6%, 8.19%, and 1.32% of total yields 1.73, respectively
where the yields of each process is obtained by integrating corresponding peaks. The yields due to
lower order photon absorbtion is more than of higher order photon absorbtion because the chance
of absorbing large number of photons is smaller than the chance of absorbing small number of
photons in the view of perturbation theory.
It is need to remind that FIG.2 is similar to multiphoton peaks in [32], but there are still have
significant difference. Instead of momentum of positron we take the exact mass-energy of electron
and its conjugate positron to represent how much energy this pair absorbed from external field.
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FIG. 3: Waterfall of CES of yields in time t = (n/50)t0 (n = 1, 2, 3, ..., 50) for oscillating field with amplitude
V1 = 1.47c2 and frequency ω1 = 1.3c2.
In order to describe the creation process during all the simulation time we display the waterfall
of CES of yields in time t = (n/50)t0 (n = 1, 2, 3, ..., 50) for oscillating field with amplitude
V1 = 1.47c2 and frequency ω1 = 1.3c2 in FIG.3. All the peaks are generated from very beginning
and the peak positions keep unchanged while the peak heights linearly increase following the
simulation time, representing the creation process with constant creation mechanism almost all
the interaction time.
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FIG. 4: (Color online) The yields of each creation channel as a function of time in oscillating field with
frequency ω1 = 2.1c2 and amplitude V = 1.47c2.
Integrating corresponding peaks in each time step we obtain the yields of each creation chan-
nels as a function of time, we find that the temporal behaviour of each creation channel can give
some new physical insights. In FIG.4 we represent time dependence of each creation channel in
oscillating field with frequency ω1 = 2.1c2 and amplitude V = 1.47c2. The creation rate of total
yields decrease during early time and then keeps unchanged. The creation rate of each creation
channel in this figure explore that the one-photon process is responsible for the reduction in total
creation rate while other channels keep the constant creation rate all the time. The conversion
energy of one-photon process is 2.1c2, which means the created pairs have very low kinetic energy
and little chance to escape from the creation zone, thus particle density in the creation zone and
the suppression of Pauli block on corresponding creation process increase until the creation rate
so low that the particle number density in creation zone do not increase any more.
It is need to remind that a pair may interact again with the electric field once it is created and
absorb more photons to contribute the higher order process so the physical picture of high order
process is still not very clear. For example, we are unable to decide that the pairs corresponding
to the peak at E = 3.90c2 in FIG.2 absorb three photons during its creation or absorb one more
photon after created by the two-photon process.
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C. Pair creation in a bifrequent electric field
The pair creation process triggered by two different photon cooperatively under the bifrequent
field with frequency ω1, ω2 was predicted via Boltzmann-Vlasov equation and multiphoton peaks
was represented by [25] . We simulate this process to reveal all creation channels triggered by two
different photons as well as corresponding yields of each channel.
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FIG. 5: CES of final yields in the combination of two oscillating fields with amplitudes V1 = V2 = 1.47c2
and frequencies ω1 = 1.3c2, ω2 = 1.5c2.
In FIG.5 we display CES of the final yields for bifrequent field composed of two oscillat-
ing fields with amplitudes V1 = V2 = 1.47c2 and frequencies ω1 = 1.3c2, ω2 = 1.5c2 where
the total potential height oscillates as V3(t) = V1 sin(ω1t) + V2 sin(ω2t). There are many narrow
peaks with different heights, indicating the existence of rather complicated creation channels. The
two, three, four-photon processes triggered by photon with frequency ω1 denoted as ω1, 2ω1, 3ω1
are represented by the peaks at E = 2.61c2, 3.90c2, 5.20c2 respectively, matching with corre-
sponding number of photon energy perfectly. In the same way the two, three, four-photon pro-
cesses triggered by photon with frequency ω2 denoted as ω2, 2ω2, 3ω2 are represented by peaks at
E = 3.00c2, 4.50c2, 6.01c2 respectively.
As we expect we detect the process of photon absorbtion triggered by the cooperation of two
different photons here. The corresponding two-photon process denoted as ω1 + ω2, three-photon
processes denoted as 2ω1+ω2, ω1+2ω2, and four-photon processes denoted as 3ω1+ω2, 2ω1+2ω2,
ω1 + 3ω2 are represented by the peaks at E = 2.80c2, 4.10c2, 4.30c2, 5.40c2, 5.60c2, 5.81c2
respectively. We neglect to discuss the peaks with rather small heights which are corresponding to
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higher order processes.
We find some peaks with unexpected positions in FIG5. For example, the creation mechanism
of pairs corresponding to the peak at E = 2.42c2 can not be regard as a pure photon absorbtion
since its corresponding conversion energy can’t be expressed as a sum of any positive integer
number of ω1 and ω2, but matches 3ω1−ω2 very well. We explain the creation process as absorbing
three photons with frequency ω1 and emitting one photon with frequency ω2, but we are still unable
to decide that during creation or after creation it emits a photon. These peaks at E = 3.19c2, 3.71c2,
4.69c2 can also be explained in the similar way with the processes denoted as 3ω2 −ω1, 4ω1 −ω2,
and 4ω2 − ω1 respectively. The underlying physical mechanism of these findings need to study
further in future.
The conversion energy of a pair created in the bifrequent field with frequency ω1, ω2 can be
expressed as
E(ω1, ω2) = n1ω1 + n2ω2 (12)
where n1, n2 are integer satisfying E(ω1, ω2) ≥ 2c2.
The final yields is 7.04, far more than the sum of the final yields due to each field with single
frequency individually, which are 1.73 and 1.77 respectively, according to our simulations. The
creation process is represented with all existing creation channels by CES so we can explain this
enhancement easily. Besides the individual creation channels due to each single oscillating field,
the extra creation channels are available which are triggered by two different photons coopera-
tively, we believe that these extra channels are responsible for enhancement in the creation rate
due to combination of two oscillating fields.
D. Pair creation in the combined electric field
We simulate pair creation process for combined field in terms of conversion energy to detect
the dynamically assisted Schwinger mechanism which was predicted by study [23] and to describe
it with more details.
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FIG. 6: CES of final yields in the combination of static field with potential height V0 = 1c2 and oscillating
field with amplitude V1 = 1.47c2, frequency ω1 = 1.3c2.
In FIG.6 we display CES of final yields in the combination of static field with potential height
V0 = 1c2 and oscillating field with amplitude V1 = 1.47c2, frequency ω1 = 1.3c2. There are four
narrow peaks at E = 2.61c2, 3.90c2, 5.20c2, 6.50c2 representing two, three, four, and five-photon
processes denoted as 2ω1, 3ω1, 4ω1, 5ω1. As we expect, we detect the processes of dynamically
assisted Schwinger mechanism denoted as ω1 + V0, 2ω1 + V0, 3ω1 + V0, which are represented by
the peaks at E = 2.25c2, 3.55c2, 4.86c2 respectively. The conversion energy of a pair created in
combination of static field with potential height V0 and oscillating field with frequency ω1 can be
expressed as
E(ω1,V0) = nω1 + kV0 (13)
where k = 1 for dynamical assisted Schwinger process and k = 0 for pure photon absorbtion, n is
integer satisfying E(ω1,V0) ≥ 2c2.
The total yields is 2.63, the creation channels associated with tunneling assisted photon ab-
sorbtion are responsible for the enhancement compared to 1.73, the yields of oscillating field
individually.
IV. CONCLUSION AND DISCUSSION
In the frame of computational simulation we reexamine the problem of electron-positron pair
creation in different external background fields. We introduce a simple but useful physical quantity,
conversion energy, as the sum of the electron and its conjugate positron’s mass-energy to reveal
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the creation mechanism for all created pairs as well as to detect the various pair creation channels
and the corresponding yields.
The conversion energy can not only reveal the pair creation characteristics in the cases of pure
tunneling mechanism in a static and pure multiphoton mechanism in an oscillating field but also
unveil the complicated features in the cases of mixed mechanism triggered by the cooperation
of two different photons in fields with two different frequencies and the dynamically assisted
Schwinger mechanism in the combined field with one static and the other oscillating.
A pair can be identified how it was created by its conversion energy represented as Eq.(10),
Eq.(11), Eq.(12), and Eq.(13), in the computational simulations. By this way it can unveil the
pair creation process with more physical insight. Especially it is more powerful to distinguish and
identify the certain creation channels individually for the complicated fields configuration. It is
also believed that the concept of conversion energy may be applicable to the other kind of pair
creation process, for example, in the laser-nucleon collision as well in the laser-electron beam
collision.
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